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Geometric phases acquired randomly can give rise to coherence dephasing in nuclear spin systems,
equivalent to spin relaxation. We calculate the form and extent of this geometric dephasing in a
number of model systems involving the motion of131Xe nuclei in shaped containers. The dephasing
is calculated in two ways: first, using an analytical treatment of the diffusive motion of individual
nuclei, and second, using ensemble averaged propagators. The effects of applying additional
magnetic fields to these systems are discussed briefly. ©1997 American Institute of Physics.
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I. INTRODUCTION

In conventional high-field magnetic resonance t
nuclear spin Hamiltonian is dominated by the large Zeem
term, and other terms~such as dipole–dipole couplings o
quadrupolar interactions! act as small perturbations. The to
tal Hamiltonian depends on the relative orientation of
magnetic field and the perturbing Hamiltonian~generally re-
ferred to some molecular coordinate system!, and so the
nuclear spin energy levels, and hence the transition freq
cies, depend on molecular orientation. Interactions of
kind are said to beanisotropic, and in randomly oriented
samples, such as powders, they give rise to broad spe
lines.

In mobile phases molecular motion affects the relat
orientation of the field and the perturbing molecular sp
Hamiltonian, thus modulating the nuclear spin energy lev
If the motion is fast compared with the width of the dist
bution of energy levels, the Hamiltonian will be average
resulting in narrower lines; if the motion is isotropic~for
example, molecular tumbling in liquids! the Hamiltonian
will be completely averaged to its isotropic value. The u
derlying anisotropy does, however, remain important, as
a major source of relaxation: Components of the Ham
tonian which are modulated at the frequency of a nucl
spin transition give rise to transitions, resulting in relaxatio

In zero-field magnetic resonance the absence of an
ternal field automatically renders the interactions isotrop
The choice of any external or molecular coordinate system
arbitrary, and so the nuclear spin energy levels cannot
pend on orientation. It might therefore seem that adiab
motion of the system cannot have any effect on the re
nance; however, as shown by Berry,1–3 such an assumption
is not correct. While adiabatic motions do not change
energy levels~the eigenvalues of the Hamiltonian!, they af-

a!To whom correspondence should be addressed at the New Chem
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J. Chem. Phys. 106 (8), 22 February 1997 0021-9606/97/106(8)/3
n

e

n-
is

ral

e

s.

,

-
is
-
r
.
x-
.
is
e-
ic
o-

e

fect the states~the eigenvectors!, thereby giving rise to phase
shifts and to transitions between quantum states.

The phase shifts can be detected directly using inter
ence experiments,4,5 but an alternative approach, useful
magnetic resonance, is to consider their effect on transi
moments. If motion causes two spin states to acquire dif
ent phase shifts, then the coherent superposition of th
states will acquire a phase shift equal to the difference
tween the two individual shifts. If the motion is continuou
and coherent, then the transition phase shift will incre
linearly with time, which is equivalent to a change in th
transition frequency. In this manner, Berry’s phase gives
to frequency shifts and splittings.6,7 If the motion is incoher-
ent, the resulting random acquisition of Berry’s phase co
give rise to coherence dephasing, which is equivalent to s
relaxation.8 Here, we calculate the extent of this relaxation
pure nuclear quadrupole resonance~NQR! studies of131Xe
gas.

II. THEORY

In Berry’s original paper,1 and in many subsequen
treatments,2 Berry’s phase was treated as a necessarygeo-
metric phase correction to thedynamicphase calculated us
ing the adiabatic approximation.9 In zero-field magnetic
resonance, motion will not change the essential form of
Hamiltonian, or its magnitude, but will only change the o
entation of its principal axes. Berry solved this problem
calculating the evolution under a static Hamiltonian and th
adding a correction term arising from the motion. It is al
possible to transform the problem into a frame of referen
whose motion exactly matches the motion of the Ham
tonian, so that in this new frame the Hamiltonian is inde
static. As this transformation is a gauge transformation
will modify the Hamiltonian by the addition of a gauge field
The Hamiltonian,H, must be replaced by

HR5U21HU2 iU21U̇, ~1!
try
3007007/10/$10.00 © 1997 American Institute of Physics
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3008 J. A. Jones and A. Pines: Geometric dephasing in magnetic resonance
whereU is a unitary matrix describing the transformatio
into the moving frame and\ has been set equal to unity. Th
first term has the same form as the original Hamilton
~now static!, while the second term is the additional gau
field. For continuous rotation around some axis,a, the ap-
propriate transformation isU5exp~2ivRI at!, wherevR is
the rotation rate, and so the gauge field,2vRI a , has the
form of a ‘‘fictitious magnetic field’’ along the rotation axi
~this behavior is familiar in high-field magnetic resonanc
where transformation into a rotating frame acts to reduce
remove the Zeeman field!.

Clearly the effect of this fictitious magnetic field wi
depend on the form of the static Hamiltonian, which for ga
eous131Xe in zero field is the quadrupolar interaction, a sy
tem studied extensively in Princeton.10 The 131Xe nucleus
has spinI53

2, and its energy levels are split into two dege
erate pairs in the presence of an electric field gradient. M
nuclei in a gas sample do not experience a field gradient,
those near the walls of the container experience a substa
field gradient, and in small containers rapid exchange of
atoms between wall sites and the interior causes the nucl
experience a net quadrupolar coupling to the en
container.10,11Clearly the details of this coupling will depen
on the size and shape of the container. For a cylindr
container the coupling will be axially symmetric, with th
symmetry axis lying along the axis of the cylinder. The ma
nitude of the coupling is largest for cylinders in which
least one of the spatial dimensions is sufficiently small t
the gas atoms are close to a container wall much of the ti

This situation has been extensively studied in Prince
and Stuttgart. In the Stuttgart experiments,7,12,13designed to
implement an NMR gyroscope, the container is a flat cyl
der of approximately 20 mm diameter and 2 mm heig
giving rise to a quadrupole splitting of about 0.5 Hz. Clear
such small splittings cannot be detected by conventio
means, but optical pumping and detection10,11allow the split-
ting to be readily measured. The details can be fou
elsewhere,7,12,13but the principles can be easily summarize
Optical pumping in the presence of a static field is used
create a substantial spin magnetization along some axis.
magnetization is then allowed to evolve freely under the q
drupolar Hamiltonian, and the magnetization remaining
detected optically. This time-domain signal is then Four
transformed to obtain the NQR signal.

For a static container the quadrupolar Hamiltonian
most conveniently written in an axis system whosez axis is
aligned with the symmetry axis of the quadrupolar inter
tion

H5vQ@ I z
22 1

3I ~ I11!#, ~2!

wherevQ is the size of the average quadrupolar couplin
This has eigenvalues of6vQ , and allowed transitions with
frequencies of 0 and 2vQ . Appelt et al. have studied the
effect of rotating the container about some axis while obse
ing the NQR spectrum,12 a system closely related to that o
Tycko.6 Suppose the container is rotated around an axi
right angles to the container axis. This axis may be arbitra
assigned as thex axis, and the Hamiltonian in the rotatin
J. Chem. Phys., Vol. 106, N
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frame must then be modified by the addition of a gauge fie
2vRI x , wherevR is the rotation rate. Hence

HR5vQ@ I z
22 1

3I ~ I11!#2vRI x . ~3!

This can be expanded in the normal basis set to give

HR5S vQ
2)

2
vR 0 0

2)

2
vR 2vQ 2vR 0

0 2vR 2vQ
2)

2
vR

0 0
2)

2
vR vQ

D .

~4!

While this matrix can be diagonalized directly,12 a much
simpler result can be achieved by assuming that the mo
is adiabatic~see Fig. 1!. If uvRu!uvQu, then four of the off
diagonal elements in Eq.~4! can be ignored, giving the muc
simpler adiabatic Hamiltonian

Had
R5S vQ

0
0
0

0
2vQ

2vR

0

0
2vR

2vQ

0

0
0
0

vQ

D . ~5!

This has eigenvalues ofvQ , vQ , and2vQ6vR , and so the
allowed transition at frequency 2vQ will be split into two,
with frequencies 2vQ6vR , that is, a splitting of 2vR .

Within the adiabatic limit the fictitious field only affect
the u6 1

2& levels, and so it is appropriate to treat these cen
levels as a fictitious spin-12. Note, however, that a true spin
1
2 nucleus would be split by the field to give eigenstates se
rated by6 1

2vR , only half the splitting observed in this cas

FIG. 1. Application of a magnetic field perpendicular to an axially symm
ric quadrupolar interaction in a spin-

3
2 nucleus. The solid lines show th

exact result obtained by diagonalizing Eq.~4!, while the dashed lines were
calculated by diagonalizing the approximate adiabatic Hamiltonian show
Eq. ~5!. If uvRu!uvQu the major effect is to split theu6 1

2& levels, with a
splitting 2vR , while the u6 3

2& levels remain largely unaffected.
o. 8, 22 February 1997
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3009J. A. Jones and A. Pines: Geometric dephasing in magnetic resonance
This effect is equivalent to a well known effect in high-fie
NMR studies of quadrupolar nuclei:14–16When a half-odd-
integer spin nucleus is excited with a weak radio freque
field, which only excites the central transition, the effecti
field strength is increased by a factor ofI11

2.
The exact form of the signal observed in an optica

detected experiment obviously depends on the choice of
tial state and detection operator. Throughout this paper
make a particularly simple choice: We choose both the ini
state and the detected state to consist of Zeeman magne
tion along the rotation axis. This has the major compu
tional advantage that the detection operator is not affecte
the rotating frame transformation, and also corresponds
sensible choice in a possible experiment we discuss be
Other choices of initial state and detection operator will,
course, give slightly different results, but the broad pr
ciples described below will still apply. With this choice o
initial state and detection operator, we may calculate
NQR signal observed from a rotating cylinder as

s~ t !5tr@ I xe
2 iHad

R tI xe
iHad

R t# ~6!

5213 cos~2vQt !cos~vRt !. ~7!

This situation can be generalized to consider rotat
around an axis at some arbitrary angleu to the quadrupolar
axis. In this case the Hamiltonian is

HR5vQ@ I z
22 1

3 I ~ I11!#2vR@ I z cos~u!1I x sin~u!#.
~8!

As before, this Hamiltonian can be greatly simplified if w
assume that the rotation is adiabatic, and this approxim
adiabatic Hamiltonian has eigenvalues of

vQ6 3
2vR cos~u!, 2vQ6 1

2vRz, ~9!

where

z5Acos2~u!14 sin2~u!5A423 cos2~u!. ~10!

~The significance of this form forz is discussed further in the
section on magnetic fields below.! In this case the signa
intensities also depend onu, and the calculated NQR signa
is

s~ t !5213 cos2~u!13 sin2~u!cos~2vQt ! f ~ t !, ~11!

where

f ~ t !5
z1cos~u!

2z
cosFvRtS 3 cos~u!2z

2 D G
1

z2cos~u!

2z
cosFvRtS 3 cos~u!1z

2 D G . ~12!

The NQR line is, in general, split into four components,
shown in Fig. 2. However, there are several special case
which the number of lines is reduced. First, consider rotat
around the quadrupolar axis,u50. In this case the quadru
polar lines are split into two. However, using the excitati
and detection scheme described above, the quadrupolar
J. Chem. Phys., Vol. 106, N
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will have zero intensity, and so this limit is not ver
interesting. Second, for rotation at the magic angleu
5 arccos(A1/3)) Eq.~12! simplifies to

f ~ t !5 2
31

1
3 cos~)vRt !, ~13!

corresponding to a triplet with intensities 1:4:1. This situ
tion is equivalent to that studied by Tycko6 using single crys-
tal 35Cl NQR studies of sodium chlorate. Finally, consid
rotation around an axis perpendicular to the quadrupo
axis, that is,u5p/2. This is just the simple case described
Eq. ~3!, and Eq.~12! simplifies to f (t)5cos(vRt) as ex-
pected, giving rise to a two line spectrum.

III. INCOHERENT MOTION

As described above, coherent motion of the quadrup
axis can give rise to line splittings. Now suppose that
motion is incoherent, and different for each nucleus in
sample. In this case each nucleus will experience differ
and varying splittings, giving rise to inhomogeneous li
broadening.

This situation cannot arise in the system describ
above: As the motion of the quadrupole axis is due to
macroscopic motion of the sample container, each nuc
will experience the same motion. It can, however, arise i
related system involving the diffusion of131Xe gas around a
toroidal container.

The local geometry of a torus is like that of a cylinde
and so a131Xe nucleus at some point in the torus will exp
rience an average quadrupolar coupling with near cylindr
symmetry~Fig. 3!. The symmetry axis lies along the appa
ent cylinder axis, that is, tangential to the torus. As the xen
atom moves round the torus, the direction of its quadrup
axis will vary, and this variation takes the form of rotatio
around an axis threading the torus, perpendicular to
quadrupole axis. This situation is identical to that describ
above, and so each nucleus will acquire Berry phases, bu

FIG. 2. Calculated spectra from xenon atoms in a cylindrical contai
undergoing rotation around an axis at an angleu to the cylinder axis; an
expansion around one of the quadrupolar transitions is shown. Note tha
figure includes the effects of the sin2~u! intensity weighting predicted for the
excitation and detection scheme described. In general, the quadrupola
is split into four, but asu→0, the intensity of the two outer lines tends t
zero, while asu→90° the inner and outer lines overlap. The splitting b
tween the inner pair of lines changes sign asu is increased, and at the magi
angle this splitting passes through zero, resulting in a three line spectr
o. 8, 22 February 1997
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3010 J. A. Jones and A. Pines: Geometric dephasing in magnetic resonance
the phases acquired are different for different nuclei the
fect will appear as line broadening instead of splittings~Fig.
4!.

During any short period of time, the motion of any give
xenon atom can be considered constant, and so the effe
the nuclear Hamiltonian is that of steady rotation at a f
quencyvR . Over an extended period this frequency w
vary. However, the total phase acquired by an eigenstate
ing any time period depends only on the average rota
rate,v̄R , during that time, even for the non-Abelian case
degenerate states.17,18Hence for any given nucleus

s~ t !5213 cos~2vQt !cos~v̄Rt !. ~14!

This can be simplified by writingw5v̄Rt, giving

s~ t !5213 cos~2vQt !cos~w!, ~15!

wherew, called the winding, is the total angular distan
traveled by a nucleus. This simple form can be easily ra
nalized. For a geometric phase shift, such as a Berry ph
the phase shift depends only on the path traveled, an
independent of the way in which the system moves alo
that path. The cos(w) dependence arises from interferen
between signals from the two different quadrupolar tran
tions, which acquire equal and opposite phase shifts of6w.

The winding,w, is related to the conventional windin
number,n, by w52pn1f, wheref is any additional frac-
tional rotation. The periodicity of the cosine function in E
~15! shows that the behavior of the system is independen
the winding number achieved by an individual nucleus,
depends only on the additional fractional rotation. This s
gests two possible types of experiment which might all
these Berry phases to be detected.

The first class of experiment involves selective exci
tion and detection of specific nuclei. Suppose we excite

FIG. 3. Schematic depiction of a xenon atom in a torus. As long as the
radius, r , is small compared with the torus radius,R, the xenon nucleus
experiences an average electric field gradient with local cylindrical sym
try. Hence the nucleus has an axially symmetric quadrupolar coupling to
container, with a symmetry axis directed along the local cylinder axis, th
tangential to the torus. As the atom moves around the torus the local c
der axis changes, causing the quadrupole axis to rotate.
J. Chem. Phys., Vol. 106, N
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the nuclei in a small region of the torus, and then det
signals from nuclei in a different region, at an angular d
tancef around the torus. Clearly, signals will only be d
tected from nuclei which have diffused from the excitati
region to the detection region, and so the signal intensity w
depend on the extent of such diffusion. However, any nu
which are detectable must have acquired Berry phases
responding to motion through an anglef, and so the signa
intensity will also be modulated by a cos~f! term. In particu-
lar, it should not be possible to detect any signal from nuc
which have traveled a quarter of the way round the tor
where cos~p/2!50.

The second class of experiments involves excitation
detection of all the nuclei in the torus. In this case nuc
with different windings will be detected, and the total sign
will depend on the probability distribution of acquired wind
ings. The motion of gas atoms around a torus can be
scribed by one dimensional diffusion, with a probability de
sity function19

P ~w!5
1

2Ap dt
exp~2w2/4 dt!, ~16!

where d is the one-dimensional diffusion coefficient me

e

e-
e
is
n-

FIG. 4. Calculated spectra for131Xe nuclei in a toroidal container. Static
nuclei only experience the quadrupolar interaction, and so give a sim
three line spectrum~a!. Nuclei which move around the torus at a consta
rate experience a fictitious magnetic field which splits the quadrupolar t
sitions ~b!. Diffusive motion of nuclei around the torus corresponds to
incoherent distribution of rotation rates, and so gives line broadenings~c!
instead of splittings.
o. 8, 22 February 1997
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3011J. A. Jones and A. Pines: Geometric dephasing in magnetic resonance
sured in rad2 s21. Multiplying Eqs. ~15! and ~16! together
and integrating over all possible windings gives the to
observable signal

S~ t !5E P ~w!s~ t !dw ~17!

5213 cos~2vQt !exp~2dt!, ~18!

showing that the signal from the quadrupolar transitions
cays exponentially with a rate equal to the diffusion coe
cient~the central line, which is not split by the fictitious field
remains unbroadened!. Note that this decay occurs not b
cause nuclei acquire large winding numbers, but because
distribution of fractional windings becomes asymptotica
flat.

The one-dimensional diffusion coefficient,d, is related
to the conventional three-dimensional diffusion constant,D,
by d5D/3R2, whereR is the radius of the torus~see Fig. 3!.
For xenon at standard temperature and pressure20 D'5
31026 m2 s21, so a torus with a radius of a few millimetre
will have a Berry dephasing time constant of a few secon
shorter than that of other relaxation mechanisms. In suc
torus the typical rotation rate will be smaller than the qu
drupolar coupling, and so the adiabatic approximation is r
sonable. Small deviations from adiabaticity will result in
slightly faster loss of signal, but at very high diffusion rat
the signal should once again become sharp, as predicte
average Hamiltonian theory.21

An interesting analogy exists between our system
one discussed recently by Goldman, Fleury, and Gue´ron.22

They consider the effect of rotating a sample around an
parallel to the static field while observing its convention
high field NMR spectrum. When a conventional radio fr
quency coil is used for excitation and detection, such rota
has no effect~assuming that the static field is homogeneou!.
If, however, the radio frequency coil produces a field rad
to the static field, sample rotation results in a shift in t
NMR frequency equal to the rotation rate. This is exactly
result expected for a fictitious field along the rotation ax
They predict that similar effects would be seen for motion
a toroidal sample within a solenoidal radio frequency c
wrapped around the torus. Finally, they consider the effec
incoherent motion, such as diffusion of the sample within
toroidal container. In this case they predict that the rand
distribution of phase shifts should result in signal loss.

The signal from a toroidal sample rotating at a const
frequency,vR , is

s~ t !5exp~ iv0t !exp~2 ivRt !, ~19!

wherev0 is the Larmor frequency and the initial amplitud
and the effects of relaxation have been ignored. As bef
for incoherent motion the total phase acquired depends
on the average rotation rate,v̄R , and hence the winding
w5v̄Rt. For an ensemble of molecules each undergoing r
dom diffusion we can apply Eqs.~17! and ~16! to obtain

S~ t !5exp~ iv0t !exp~2dt!, ~20!

making clear the analogy with Eq.~18!.
J. Chem. Phys., Vol. 106, N
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IV. COHERENCE DEPHASING

The discussion in the previous section shows that in
herent motion can lead to the random acquisition of Be
phases, and thus to a loss of signal coherence. Rece
Serebrennikov and Steiner have described a more gen
approach,23–25which can be applied to many types of inc
herent motion, including the diffusive motion of gas in
torus.

Serebrennikov and Steiner start from the gauge fie
which in zero-field magnetic resonance takes the form o
fictitious magnetic field. If the gauge field commutes wi
the main Hamiltonian, then evolution under the two term
can be considered separately. They then use the Fa
Zwanzig projection operator method23,26,27 to calculate an
ensemble averaged propagator for evolution under the in
herent gauge field,

d

dt
^r~ t !&5E

0

t

^Â~ t !Â~ t8!&^r~ t8!&dt8, ~21!

whereÂ(t) is the super operator corresponding to the gau
field, and for continuous rotationÂ52 ivRÎ a . If the corre-
lation time of the motion is short compared to the rate
change ofr(t), Eq. ~21! can be approximated by

d

dt
^r~ t !&5E

0

t

^Â~ t !Â~ t8!&dt8^r~ t !&, ~22!

and the problem reduces to calculating the integral

E
0

t

^Â~ t !Â~ t8!&dt8. ~23!

Clearly, the value of this integral depends on the form
the motion. For motion around a torusÂ52 ivRÎ x , and at
any point in time the angular velocities of the individu
atoms will have a Maxwell distribution. Now suppose that
intervals t the motion of each atom changes such that
velocities still have a Maxwell distribution but the velocitie
before and after the change are completely uncorrelated
this case

E
0

t

^Â~ t !Â~ t8!&dt852
c2t

2
Î x
2, ~24!

wherec is the root mean square velocity~in rad s21!.
In general, the gauge field does not commute with

main Hamiltonian. However, as long as the motion is slowI x
may be replaced by its ‘‘adiabatic’’ form

I x85S 0
0
0
0

0
0
1
0

0
1
0
0

0
0
0
0
D . ~25!

This doescommute with the quadrupolar Hamiltonian, an
so the method can be used. The eigenvalues of2 Î x8

2 are real
and negative, and so this operator should cause coher
dephasing. This is confirmed by detailed calculation: Co
bining evolution under the two operators gives
o. 8, 22 February 1997
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3012 J. A. Jones and A. Pines: Geometric dephasing in magnetic resonance
r~ t !5exp@ ivQ~ Î z
22 1

3I ~ I11!!t2~c2t Î x8
2/2!t#r~0!,

~26!

and starting from and detectingI x gives

s~ t !5213 cos~2vQt !exp~2~c2t/2!t !, ~27!

which has the same form as Eq.~18!.
In fact, the two Eqs.~18! and ~27! are completely

equivalent, as shown below. For diffusive motion, describ
by Eq. ~16!, the root mean square distance moved by a
particular atom during a timet is A2 dt. During this time the
atom has an ‘‘apparent velocity’’ equal to the distance it h
moved divided byt. Clearly, this apparent velocity has
Maxwell distribution, with a root mean square apparent
locity of

c5
A2 dt

t
5A2d

t
. ~28!

Equation~27! then predicts a dephasing rate of

c2t

2
5
2d

t
3

t

2
5d, ~29!

identical to that in Eq.~18!.

V. MOTION IN A HELIX

Similar, but more complex behavior should emerge
the xenon gas is placed in a cylindrical container which

FIG. 5. Schematic depiction of a xenon atom in a helical container. A xe
nucleus far from the ends of the helix experiences a average electric
gradient with local cylindrical symmetry, and so has an axially symme
quadrupolar coupling with a symmetry axis directed tangential to the he
J. Chem. Phys., Vol. 106, N
d
y

s

-

f
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been wound into a helix~Fig. 5!. Nuclei in the helix will
experience an average quadrupolar coupling which is cy
drically symmetric, with the symmetry axis tangential to t
helix. Motion of gas molecules around the helix will cau
the quadrupolar axis to rotate, but the axis about which
rotation occurs is not perpendicular to the quadrupole a
as was the case for the torus. Instead the rotation axis,
hence the axis of the fictitious field, is directed at som
angle, u, to the quadrupole axis, whereu depends on the
pitch of the helix.

Clearly, this situation is equivalent to the case of t
rotating cylinder, described in Eq.~8!, and so the signal will
be described by Eqs.~11! and ~12!. As before, we can re-
place the rotation rate by its average value, and then w
w5v̄Rt. Hence

f ~ t !5
z1cos~u!

2z
cosFwS 3 cos~u!2z

2 D G
1

z2cos~u!

2z
cosFwS 3 cos~u!1z

2 D G . ~30!

Unlike a torus, a helical container has ends, and so the
tion of gas atoms is described by bounded diffusion, rat
than free diffusion. In the limit of infinite length, howeve
this becomes irrelevant, and Eq.~16! remains applicable.
Hence

S~ t !5213 cos2~u!13 sin2~u!cos~2vQt !F ~31!

with

F5
z1cos~u!

2z
expF2dtS 3 cos~u!2z

2 D 2G
1

z2cos~u!

2z
expF2dtS 3 cos~u!1z

2 D 2G . ~32!

In general, the decay of signal intensity is biexponential.
expected, Eq.~32! simplifies toF5exp~2dt! for the case of
a torus~u5p/2! and

F5 2
31

1
3 exp~23dt! ~33!

for a helix at the magic angle.
As with the case of the torus, it should be possible

perform experiments to detect geometric dephasing in h
ces. Indeed, the behavior of131Xe in helical containers
should provide an excellent test, as the predicted biexpon
tial relaxation should provide an unambiguous indicator
these effects. The case of a helix close to the magic ang
particularly sensitive, as the two dephasing time consta
are expected to be very different.

These calculations can also be performed using
coherence dephasing formalism of Serebrennikov
Steiner.23–25 In this case

Â52 ivR~ Î z cos~u!1 Î x sin~u!!. ~34!

Making the same assumptions as before~Sec. IV! gives

n
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F5
z1cos~u!

2z
expF2

c2t

2
tS 3 cos~u!2z

2 D 2G
1

z2cos~u!

2z
expF2

c2t

2
tS 3 cos~u!1z

2 D 2G , ~35!

which is clearly equivalent to Eq.~32! with d5c2t/2.
The equations above have all been written using v

ables which are convenient for the calculations involved,
which may not be convenient for describing actual heli
containers. Any helical container may be formed from a tu
of lengthL wrapped in a helix around a cylinder of radiusR
~assumed to be much greater than the tube radius,r !. Sup-
pose the fractional pitch of the helix isp ~so that the height
of the helix isp3L!. Then the helix angle is

u5arccosS p

A11p2
D , ~36!

the angular length of the helix is

c5
L

RA11p2
, ~37!

and the angular diffusion constant is

d5
D

3R2~11p2!
, ~38!

where D is the conventional three-dimensional diffusio
constant. Note that in the limitp→0 these reduce tou5p/2,
c5L/R, andd5D/3R2 as expected for a torus.

VI. MOTION IN SHORT HELICES AND TRUNCATED
TORUSES

The discussion above concerning the motion of nucle
helical containers depends on the assumption that the
tainer is infinitely long, so that end effects can be ignor
While this greatly simplifies calculations, and is probab
appropriate for helical containers with many turns, it clea
cannot be applied to the motion of nuclei in short containe

This problem is most conveniently approached using
concept of winding, developed in Sec. III. For finite helic

S~ t !5E P ~w,c!s~ t !dw, ~39!

where the probability density function for windings now d
pends on the angular length of the helix@c, see Eq.~37!#,
and s(t) is given by Eqs.~11! and ~12! as before. The ex-
pression forP ~w,c! is complicated as the equations for hi
dered diffusion must be used, but the problem can be ea
solved numerically. The results for two specific cases
shown in Fig. 6. These cases involve truncated toruses~that
is, u5p/2!, but similar results occur for other types of sho
helix. This nonexponential relaxation may provide anoth
possible experimental test of our predictions.

A simple analytical solutioncanbe obtained for the lim-
iting signal from a short helix at infinite time. Individua
nuclei may start anywhere in the helix, with a flat distrib
tion of initial positions, and at very long times the distrib
J. Chem. Phys., Vol. 106, N
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t
l
e

n
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e
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e
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tion of final positions will be flat and independent of th
starting position. The distribution of acquired winding
however, will not be flat, as the range of windings whi
may be achieved depends on the starting position of e
nucleus. Integrating over all possible initial positions give

P ~w,c!
t→`

5
1

c S 12
uwu
c D ~40!

~note that for a true torusc5`, as the motion is unbounded!.
Hence

F5
1

4c2~3 cos2~u!21!2 F8~3 cos2~u!11!

2S ~cos~u!1z!~3 cos~u!1z!2

z D cosS c~3 cos~u!2z!

2 D
1S ~cos~u!2z!~3 cos~u!2z!2

z D cosS c~3 cos~u!1z!

2 D G .
~41!

As usual, this equation can be greatly simplified at particu
values ofu. For a helix of zero pitch~u5p/2!,

F5sinc2~c/2!, ~42!

where sinc(x)5sin(x)/x. The limiting signal is zero when
c52p, as seen in Fig. 6. Similarly, for a helix at the mag
angle

F5 2
31

1
3 sinc

2~)c/2!. ~43!

VII. THE EFFECT OF MAGNETIC FIELDS

Finally, we consider the effects of additional applie
magnetic fields. While such fields could be applied along a
axis, an interesting case involves fields directed paralle
perpendicular to the quadrupolar axis. For simplicity we co
sider only systems in which the rotation axis is perpendicu
to the quadrupolar axis; in the absence of additional m
netic fields, such systems are described by equations o

FIG. 6. Geometric dephasing due to diffusion of xenon atoms around a t
causes the quadrupolar signal to decay exponentially to zero~a!. The signal
from a tube bent around a torus, but without the ends joined~c52p!, decays
more slowly but eventually reaches zero~b!. If the tube is bent round a hal
torus ~c5p! the signal decays to a constant value~c!.
o. 8, 22 February 1997
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3014 J. A. Jones and A. Pines: Geometric dephasing in magnetic resonance
form of Eq. ~3!. In the case of incoherent motion this corr
sponds to xenon atoms in toroidal containers. The results
coherent motion are depicted in Fig. 7.

The simplest case is when the field is applied paralle
the rotation axis~perpendicular to the quadrupolar axis a
parallel to the fictitious field!. In this case the applied an
fictitious fields simply sum together, and so for coherent m
tion of nuclei around the torus

s~ t !5213 cos~2vQt !cos~vRt1vMt !, ~44!

FIG. 7. Calculated spectra from131Xe nuclei in a cylindrical container un
dergoing coherent rotation in the presence of a magnetic field. For all s
tra except~a! the right-hand multiplet is also shown on an expanded h
zontal scale.~a! No rotation and no magnetic field; the quadrupo
transitions at62vQ are unsplit.~b! The effect of rotation around an axi
perpendicular to the quadrupolar axis; the quadrupolar lines are split
two by the fictitious field@Eq. ~7!#. ~c! The effect of rotation around an axi
at an angle of 45° to the quadrupolar axis; the quadrupolar lines are split
four and the line intensities are affected@Eqs.~11! and ~12!#. Note that the
central line has been truncated.~d! As case~b!, but with an additional static
magnetic field applied parallel to the fictitious field; the two fields su
together increasing the splitting of the quadrupolar lines@Eq. ~44!#. ~e! As
case~b!, but with an additional static magnetic field applied parallel to t
quadrupolar axis; this results in an apparent tilt of the rotation axis, an
spectrum similar to that seen in~c!. ~f! As case~b!, but with an additional
static magnetic field applied perpendicular to the quadrupolar and rota
axes; this augments the fictitious field, but also results in the central
being split.~g! and ~h! As case~b!, but with an additional static magneti
field applied perpendicular to the rotation axis and with a static orienta
in the laboratory frame. In the rotating frame this field appears to rotat
the yz plane, modulating the Hamiltonian and creating modulation si
bands in the spectrum. The detailed form of the spectrum depends o
initial orientation of the applied field with respect to the quadrupolar a
~g! corresponds to a perpendicular initial orientation, while~h! corresponds
to a parallel initial orientation.
J. Chem. Phys., Vol. 106, N
or

o
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wherevM is the strength of the applied magnetic field@see
Fig. 7~d!#. As before, incoherent motion is treated by writin
w5v̄Rt and integrating overP (w), giving

S~ t !5213 cos~2vQt !cos~vMt !exp~2dt!. ~45!

The effects of the fictitious and applied magnetic fields ha
the same form, and so can be treated separately. The
tious field creates line broadening as before, while the
plied magnetic field splits the~broadened! quadrupolar lines
into a doublet.

Alternatively, since the applied and fictitious fields ha
the same form, the applied magnetic field can be treated
fictitious motion around the torus. Unlike the real physic
motions of the different nuclei, this fictitious motion isiden-
tical for all the nuclei in the torus, and so must produ
splittings rather than broadenings. For this reason magn
fields cannot be used to remove the effects of incohere
acquired Berry phases~they can be used to remove the ef
fects of coherently acquired Berry phases, as demonstr
by Tycko6!.

Another simple case is when the applied field is direc
parallel to the quadrupolar axis~this could be achieved by
wrapping a solenoidal coil around the container!. The signal
can be calculated directly as

s~ t !5
2vR

2

vF
2 1

vM
2

2vF
2 cos~vFt !13 cos~2vQt !

3FcosS 3vMt

2 D cos~vFt !

1
vM

2vF
sinS 3vMt

2 D sin~vFt !G , ~46!

where

vF5A~vM/2!21vR
25 1

2AvM
2 1~2vR!2 ~47!

is the total effective field strength. Note that, as expect
Eq. ~46! reduces to Eq.~7! whenvM→0.

The form of Eq.~47! might seem unusual: Why shoul
the applied field be divided by two, while the fictitious fie
is not? In fact, this effect has already been discussed in
II above. The fictitious magnetic field~perpendicular to the
quadrupolar axis! is selective for the central transition, an
so its effective field strength is increased by a factor of
The applied magnetic field~parallel to the quadrupolar axis!
affects all the transitions, and so its field strength is n
doubled in this way.

Another approach to this problem is to notice that just
a magnetic field applied along the rotation axis is equival
to a fictitious motion, a magnetic field along the quadrupo
axis is equivalent to a fictitious tilt of the rotation axis, or th
conversion of the torus into a helix. This fictitious tilt can b
described by an apparent field strength,vB , and an apparen
tilt angle,u, where

vR5vB sin~u! ~48!

and
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vM5vB cos~u! ~49!

as before. Inserting these forms into Eq.~47! gives

vF5 1
2vBAcos2~u!14 sin2~u!5 1

2vBz, ~50!

wherez is defined as before@see Eq.~10!#. This origin of this
form for z is now clear.

Substituting the above into Eq.~46! gives, after exten-
sive rearrangement,

s~ t !5
8 sin2~u!

z2
1
2 cos2~u!

z2
cosS vBtz

2 D
13 cos~2vQt ! f ~ t ! ~51!

with

f ~ t !5
z1cos~u!

2z
cosFvBtS 3 cos~u!2z

2 D G
1

z2cos~u!

2z
cosFvBtS 3 cos~u!1z

2 D G . ~52!

The similarity to Eqs.~11! and ~12! is obvious. The results
are not identical because the excitation and detec
schemes are not the same: For the true tilted system
initial state and detection operator were assumed to lie a
the tilted rotation axis~at some angle to the quadrupol
axis!, while in this fictitious system the initial state and d
tection operator lie along the untilted rotation axis~which is
perpendicular to the quadrupolar axis!. This changes the line
intensities, and also produces the splitting of the line at ze
frequency@Fig. 7~c!#.

As before, the fictitious helix also differs from a re
helix in that the applied magnetic field is the same for
nuclei. Since the apparent tilt angle depends on the rela
sizes ofvR andvM , this angle will be different for different
nuclei in the sample; indeed it will be different for the sam
nucleus at different times. For this reason it is difficult
calculate the effects of incoherent motion, as the simple
proaches used above are no longer applicable. It shoul
possible to use the approach of Serebrennikov and Ste
with an explicit evaluation of Eq.~23!.

Third, we consider the effects of a magnetic field appl
perpendicular to the quadrupolar and rotation axes~the y
axis in our usual notation!. For a toroidal container this cor
responds to a field in the plane of the torus, and everywh
perpendicular to it. For a field along they axis the resulting
signal is

s~ t !5
2vR

212vM
2 cos~2vFt !

vF
2 13 cos~2vQt !cos~vFt !,

~53!

wherevM is the applied field strength as before, but in th
case

vF5AvR
21vM

2 , ~54!

in contrast to the form given in Eq.~47!. In the present case
both the applied and fictitious fields are selective for t
central transition, and so both field strengths are doubled
J. Chem. Phys., Vol. 106, N
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The effect of an applied field along they axis is similar
to that of a field along the rotation axis~the x axis!, in that
the applied field augments the fictitious field. Since, ho
ever, the applied and fictitious fields are now perpendicula
is necessary to use a vector sum to calculate the effec
field strength. Furthermore, the initial state and detection
erator are no longer parallel to the effective field axis, and
the signal is subtly changed@see Fig. 7~f!#. In particular, the
central~zero-frequency! transition is split into three compo
nents, as in the case of the fictitious helix arising from fie
directed parallel to the quadrupolar axis. Once again
fixed magnitude of the applied field results in varying effe
tive fields, and so makes it difficult to calculate the effects
incoherent motion.

Finally, we consider the effects of a field perpendicu
to the rotation axis, but with a fixed direction in the labor
tory frame. In our transformed coordinate system, the dir
tion of this field will vary as the container is rotated or
nuclei move around the torus: The field can be parallel to
quadrupolar axis~alongz!, perpendicular to it~alongy!, or
along some other direction in theyz plane. The Hamiltonian
varies constantly, even for rotation at a constant rate, and
Hamiltonian no longer commutes with itself at differe
times; thus the simple approach embodied in equation
not possible, and it is necessary to perform an explicit tim
ordered integration. The instantaneous effect of the app
field will be some combination of a fictitious additional mo
tion and a fictitious tilt, as described above, but rotation
the container will results in modulation of the Hamiltonia
and so modulation sidebands at multiples of the rotation
are expected in addition to any splittings arising from t
real and fictitious fields.

For this system the calculated spectrum depends not
on the rotation rate and the strength of the applied field,
also on the initial orientation of the quadrupolar axis w
respect to this field. Spectra are shown in Fig. 7 for t
different orientations:~g! shows the spectrum when the a
plied field initially lies along they axis, while~h! shows the
spectrum when the applied field initially lies along thez axis.
While both spectra show similar modulation side bands, th
differ in many fine details. For the case of motion around
torus it would be necessary to average the signal over
initial orientations. This system is related to the behavior
spin-32 holes in GaAs.28

VIII. SUMMARY

Zero-field magnetic resonance experiments differ fro
those in high field in that the absence of an external fi
renders many interactions isotropic. In this situation,
though the eigenvalues of the spin Hamiltonian are un
fected by slow motion of the system such motioncan result
in the acquisition of Berry phase shifts and the mixing
degenerate states. While coherent motion typically result
frequency shifts and splittings, incoherent motion will ge
erally result in coherence dephasing, and hence spin re
ation and line broadening. We have calculated the nature
o. 8, 22 February 1997
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3016 J. A. Jones and A. Pines: Geometric dephasing in magnetic resonance
extent of this broadening in a variety of simple model s
tems, and discussed possible experiments for detecting t
effects.

The loss of signal coherence as a result of the rand
acquisition of geometric phases may also be importan
other NQR experiments, as well as in high field NMR.22 In
particular, Berry phases arising from the slow rotational d
fusion of particles could be an important source of relaxat
in conventional NQR studies of colloids.29
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